Breakup reactions provide spectroscopic information on exotic nuclei. Coulomb breakup indirectly measures the astrophysical S factor for radiative-capture reactions. The validity of first-order perturbation theory is limited for extended systems such as halo nuclei. More elaborate reaction models are necessary: semi-classical time-dependent Schrödinger equation, eikonal and dynamical eikonal approximations, continuum-discretized coupledchannel method. Breakup experiments do not provide much information on the structure of a two-cluster halo nucleus but accurate exclusive experiments should be more interesting for three-cluster nuclei.
Introduction
The short lifetime of exotic nuclei allows few techniques of analysis, i.e. studying their decay products or colliding them with some target nucleus. Breakup is a dissociation of the projectile into two or more fragments caused by the interaction with a target, the target state remaining unchanged 1 . Because of the fragility of exotic nuclei due to low separation energies, this channel is often important. During the collision, forces act differently on the constituents of the projectile if it can be considered as made up of clusters. The space and momentum distributions of emitted fragments provides information on the cluster structure of the projectile.
Coulomb breakup refers to a collision distant enough so that the nuclear interaction between projectile and target can be neglected. This is realized when the breakup occurs on a heavy nucleus and the scattering angles are small enough. This process is an indirect technique of measurement of cross sections for radiativecapture reactions of astrophysical interest 2 . The analysis of experimental data on breakup reactions inevitably requires the use of some theoretical model. The theoretical description of breakup is difficult because it is a many-body problem in the continuum, both for the initial and final states. Even the simplest case involves three particles in the final channel. A threebody Schrödinger equation must thus be solved in the continuum in the presence of Coulomb forces. This problem requires an accurate treatment of the reaction mechanism. The aim of the present review is to describe and discuss some of the most efficient reaction descriptions applied to breakup.
Assumptions and initial physical motivations of experiments
The basic assumption of breakup reactions is that the observed fragments represent a preexisting cluster structure of the projectile. Most present breakup calculations are based on a simple description where the internal structure of the clusters is neglected. Internal effects are simulated by phenomenological interactions between clusters. For example, the 6 He + 208 Pb → 4 He + n + n + 208 Pb reaction is described by assuming a three-body α + n + n model of 6 He. The probability of the considered cluster structure in the ground-state wave function of the projectile is simulated by a phenomenological spectroscopic factor.
The design and interpretation of early experiments was based on first-order perturbation theory. Here are some examples. (i) Experiments measuring the momentum distribution of the core (i.e. heavy charged fragment) in breakup reactions provided strong evidence in favour of the existence of a halo. Indeed, a simple model involving plane waves in the final states shows that such distributions are related to the Fourier transform of the projectile wave function times the transition operator. Narrow distributions correspond to extended wave functions. Systematics display evidence for a halo in 14 5 and may not be as accurate as expected. It is now clear that the analysis of experiments must be performed beyond firstorder perturbation and can not be based on the single E1 multipole. Higher-order effects must be taken into account. Relativistic corrections would also be useful but are not discussed here. In the next sections, we present the physical principles of some elaborate reaction models. More details can be found in Ref.
6 .
Three-body breakup model
For simplicity, we assume that the projectile P is made up of two structureless clusters, the core c with mass m c and charge Z c e and the fragment f with mass m f and charge Z f e. The internal structure of P is described by Hamiltonian H 0 involving a real effective potential V cf acting between these clusters. The projectile P collides a pointlike target T with mass m T and charge Z T e.
The three-body Hamiltonian reads
where p i is the momentum of particle i (i = c, f, T) and V ij is some interaction between particles i and j. In order to simulate effects of the missing channels, not described by the assumed cluster structure, the core-target interaction V cT and the fragment-target interaction V fT are chosen as complex optical potentials. In Eq. (1), it is convenient to introduce Jacobi coordinates and their conjugate momenta. Let r and p be the core-fragment relative coordinate and momentum and R and P the projectile-target relative coordinate and momentum. After separation of the centre-of-mass motion, the three-body Schrödinger equation becomes
where µ PT is the projectile-target (PT) reduced mass and the PT potential is
The main problem is to approximately solve Eq. (2) in the continuum.
Semi-classical approximations
The semi-classical approximation consists in a quantal description of the internal motion in the projectile and a classical description of the projectile-target relative motion 7 . A trajectory R(t) with impact parameter b and initial velocity v describes the projectile motion with respect to the target. The notion of trajectory is valid if the reduced de Broglie wavelength is small with respect to b. For small deviation angles, the trajectory can be a straight line or a Rutherford hyperbola.
The motion induces a time-dependent potential acting on the projectile 8, 9 . The system evolves according to the time-dependent Schrödinger equation (TDSE)
with the initial condition Ψ(r, −∞) = φ 0 (r), where φ 0 is the ground-state wave function of the projectile internal hamiltonian H 0 . The physics of the reaction is deduced from the wave function at +∞. The breakup cross section is given by
where φ (−) k is an eigenfunction of H 0 with outgoing asymptotic behaviour in the direction of the core-fragment wave vector k.
In the important particular case of Coulomb breakup, the Coulomb potential can be written within the far-field approximation R > r as
The electric multipole operators M
The strength of E1 transitions from the ground state to the continuum is
When the first-order perturbation and far-field approximations are valid and when higher multipoles such as E2 are negligible, a measurement of the breakup cross section σ bu provides the electric dipole strength distribution which in turn provides the cross section σ γ for the radiative-capture process c(f,γ)P,
if the minimum impact parameter is large enough 2 . The TDSE (4) can be solved from −T to +T (T large) by small time steps ∆t, with φ 0 as initial state. In the standard method, the three-dimensional (3D) projectile internal wave function is expanded in spherical harmonics as 
After, discretization of the radial coordinate, the problem reduces to solving a system of coupled time-dependent equations. In a more recent approach, the 3D wave function is represented on a threedimensional mesh in spherical coordinates as 9, 6 ψ jk (t) = Ψ(r, t)| Ω=Ωj ,r=r k (10) where Ω j and r k are selected directions and distances. The problem then takes the form of a time-dependent algebraic system that is solved with approximations of the evolution operator. Such a calculation 10 of the nuclear breakup of 11 Be on 12 C is compared in Fig.1 with the RIKEN experiment 11 . Though broadened by the energy resolution, the d5/2 resonance of 11 Be at 1.27 MeV is clearly visible.
Quantal approximations
In Eq. (2), the relative-motion three-body wave function Ψ can be replaced by exp(iKZ)Ψ where K is the initial wavevector. The Schrödinger equation becomes where v = K/µ PT . At high energies, the transverse kinetic energy should not differ much from that of a plane wave. At large K, one can assume |∆ RΨ | ≪ K|∇ RΨ |.
In the dynamical eikonal approximation (DEA), the Schrödinger equation then reads
With the replacement t = Z/v, this equation is formally identical to the semiclassical Schrödinger equation (4) with straight-line trajectories 13, 14 . The solution Ψ DEA (R, r) of (12) is thus equal to the solutionΨ s.c. (r, Z/v) of the TDSE (4).
With q = K − K ′ , the breakup cross section is given by
where (b, Z) represents the R components 14 . This approximation makes use of existing semi-classical codes but provides quantal angular distributions. Dynamical and interference effects are included. The Coulomb interaction does not raise any problem.
The breakup of 8 B on lead within the DEA 15 is compared to experiment 16 in the left panel of Fig.2 . The E2 contribution is crucial for obtaining the asymmetry observed in the data as shown by the purely E1 calculation in the middle panel. The first-order calculation overestimates the asymmetry as shown in the right panel.
In the usual eikonal approximation, Eq. (12) can be simplified by performing the adiabatic approximation where H 0 is replaced by E 0 . One assumes that the collision time is short enough so that the internal energy of the projectile does not vary much. This approximation is expected to be especially valid for a weakly-bound neutron halo nucleus. The Schrödinger equation has the simple solution satisfying the initial condition The cross section is given by (13) withΨ DEA replaced byΨ eik. . This simpler expression can be evaluated by a direct integration. However the cross section diverges because the long range of the Coulomb interaction prevents a short collision time. A correction to this divergence 17, 18 is discussed in Pierre Capel's contribution. The continuum-discretized coupled-channel method 19, 20 (CDCC) follows the principle of a coupled-channel method where the wave function in Eq. (2) should be expanded over the complete set of eigenstates of H 0 , the coefficients of the expansion depending on R. In order to avoid a continuous infinity of equations, the scattering states φ klm are replaced by a discretized continuum 19 , i.e., by a finite set of orthogonal functions φ ilm = r −1 u il (r)Y m l (Ω r ) at discrete energies E il . These states have no physical meaning unless they correspond to some narrow resonance.
CDCC consists in the finite expansion
involving coupled spherical harmonics Y JM lL . The sum includes the bound states and the discretized scattering states. Introducing (15) in the Schrödinger equation (2) and projecting leads to the coupled-channel equations
The matrix elements
involve an integration over r and Ω R . Equations (16) can now be solved in analogy with those of the traditional coupled-channel problem.
Three main variants exist for the discretized continuum: (i) square-integrable average scattering states over momentum bins [k i−1 , k i ], (ii) mid scattering states, corresponding to the mid value (k i−1 + k i )/2 of a bin, (iii) square-integrable pseudostates constructed by solving the Schrödinger equation for the internal motion using a variational expansion 20 .
The main advantage of CDCC is that it is a purely quantal method valid from low to high energies. In addition to heavy calculations, its main difficulty consists in assessing the convergence with respect to the continuum discretization.
What can we learn?
Comparison of theory and experiment for two-cluster projectiles leads to limited information. The breakup cross section is sensitive to the separation energy; it constrains the neutron separation energy of 19 C (see Fig.2 Variations are due to a model dependence of the analysis on one hand and to a sensitivity to the normalization of the data on the other hand. The theoretical analysis is affected by the choice of the potential describing the 10 Be + n scattering, which is poorly known 22 . The initial data were renormalized by a factor 0.85 23 . The good agreement between the DEA 14 and experiment 11 suggests that the spectroscopic factor could be around 0.85. Experiments on the breakup of three-cluster projectiles are more difficult and sometimes contradictory. For example, the determination of the E1 strength for the breakup of 11 Li into 9 Li+n+n has led to controversies (see Fig.3 and discussion in Ref. 24 ). Nevertheless this type of breakup is extremely promising if accurate exclusive experiments can be performed because it would lead to more detailed information on the three-cluster projectile structure. Correlations between the emitted fragments would indeed provide insights on their distribution in the projectile.
The theoretical description of a three-body projectile is also much more difficult, especially the treatment of the continuum 25, 26 . Four-body calculations have been performed within CDCC using Gaussian bases in Jacobi coordinates but the comparison is still restricted to elastic scattering with account of breakup channels 27 . Recently, Coulomb-corrected eikonal calculations have been started on the breakup of 6 He on lead. Preliminary results have been presented at the conference.
Conclusion
The theory of breakup reactions offers several accurate approximations covering a broad energy range that allow an interpretation of various experiments. However, good results are obtained with the simplest models of projectile structure provided that the value of the projectile binding energy is correct. In three-body breakup reactions, the determination of spectroscopic factors is affected by various uncertainties. Three-body breakup on a light target can be used to search for resonances.
Coulomb breakup on heavy targets can measure astrophysical S factors for nuclear astrophysics but its accuracy is uncertain 15 . Several methods can now be applied to four-body breakup (CDCC, eikonal, . . . ). They will allow studying coincidence observables that are more difficult to measure but less sensitive to the absolute normalization of cross sections. They should allow the study of correlations between the emitted fragments.
The main theoretical challenge is to improve the projectile description first with wave functions from the microscopic cluster model, involving nucleon-nucleon forces and full antisymmetrization, and then with ab initio wave functions. This should reduce the uncertainties about the forces entering present calculations.
